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Abstract. For a graph G = (V,E), a function f : V ^ {0,1,2} is called Roman dominating 
function (RDF) if for any vertex v with f{v) = 0, there is at least one vertex w in its neighborhood 
with f{w) = 2. The weight of an RDF / of G is the value f{V) = 5I]ugv /(■")• The minimum 
weight of an RDF of G is its Roman domination number and denoted by 7i{(G). In this paper, we 
first show that 7i{(G) + 1 < fuifJ-iG)) < 7j{(G) + 2, where fJ.{G) is the Mycielekian graph of G, 

O' and then characterize the graphs achieving equality in these bounds. Then for any positive integer 

m, we compute the Roman domination number of the m-Mycieleskian fj,^ (G) of a special Roman 
y_jJ ^ graph G in terms on 7jj(G). Finally we present several graphs to illustrate the discussed graphs. 

' Keywords : Roman domination; Mycieleski graph 

' 2000 Mathematics subject classification : 05C69 

1. INTRODUCTION AND PRIMARY RESULTS 

^ ■ The research of the domination in graphs has been an evergreen of the graph theory. Its basic 

I concept is the dominating set and the domination number. The recent book Fundamentals of 

Domination in Graphs [4] lists, in an appendix, many varieties of dominating sets that have been 
I studied. It appears that none of those listed are the same as Roman dominating sets. Thus, Roman 

domination appears to be a new variety of both historical and mathematical interest. 

A subset S C V{G) is a dominating set, briefly DS, in G, if every vertex in V{G) — S has a 
neighbor in S. The minimum number of vertices of a DS in a graph G is called the domination 
number of G and denoted by 7(G). 

Let /: 1/ — > {0, 1, 2} be a function and let {Vq, Vi, V2) be the ordered partition of V induced by 
/, where Vi ^ {v ^ V \ f{v) ~ i} and | Vi \~ ni, for i = 0, 1, 2. We notice that there is an obvious 
one-to-one correspondence between / and the ordered partition (Vo,Vi,V2) of V. Therefore, one 
can write / = (Vq, Vi, V2). Function / = (Vo,Vi,V2) is a Roman dominating function, abbreviated 
RDF, if Vq C NGiV2). If W2 C V2 and WiCVi, then we say Wi U W2 defends Wi U iVG[1^2]- For 
simplicity in notation, instead of saying that {u} defends {w}, we say v defends w. The weight of / 
is the value f{V) = X^ugv f^^^ ~ ^""2 + ni. The Roman domination number 7/f(G) is the minimum 
weight of an RDF of G, and we say a function / = (Vo, Vi, V2) is a 'jfj- function if it is an RDF and 
/(^) = 7fl(G). 

Stated in other words, a Roman dominating function is a coloring of the vertices of a graph with 
the colors {0,1,2} such that every vertex colored is adjacent to at least one vertex colored 2. The 
definition of a Roman dominating function is given implicitly in [8] and [9] . The idea is that colors 1 
and 2 represent either one or two Roman legions stationed at a given location (vertex v). A nearby 
location (an adjacent vertex u) is considered to be unsecured if no legions are stationed there (i.e. 
/(u) = 0). An unsecured location (u) can be secured by sending a legion to u from an adjacent 
location (v). But Emperor Constantine the Great, in the fourth century A.D., decreed that a legion 
cannot be sent from a location v if doing so leaves that location unsecured (i.e. if f{v) = 1). Thus, 
two legions must be stationed at a location (/ (w) = 2) before one of the legions can be sent to an 
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adjacent location. More details about domination number have given in many papers. For example 
reader can see [3 [H H H 1^ . 

As we will see, the generalized Mycieleskian graphs, which are also called cones over graphs 
[TU] . are natural generalization of Mycieleski graphs. If V{G) — = {v^^v^, ■ ■ ■ ,v^} and E{G) = 
Eq, then for any integer m > 1 the m- Mycieleskian ^^(G) of G is the graph with vertex set 
yo U U y2 u ■ • • U U {«}, where V = {v] \ w° e V°} is the i-th distinct copy of V°, 

for i = 1,2, ...,m, and edge set Eq U (u™oHwjwi+^ | v°v'^, £ So}) U {vj'u \ vf G F'"}. The 1- 

Mycieleskian ^i(G) of G is the same Mycieleskian of G, and denoted simply by ^(G) or M{G). 
Interested readers may refer to [1] [71 [TOl [H] to know more about the Mycieleskian graphs. 

As stated in many references, for example in [4], the Cartesian product GD-ff of two graphs G 
and H is the graph with vertex set V{G) x V{H) where two vertices (ui^vi) and (m2, W2) are adjacent 
if and only if either ui = U2 and V1V2 G E{H) or vi — V2 and U1U2 G E{G). 

The notation we use is as follows. Let G be a simple graph with vertex set V = V{G) and edge 
set E = E(G). The order \ V \ and size | | of G are respectively denoted by n = n{G) and 
m ~ m{G). For every vertex v £V, the open neighborhood Nciy) is the set {u dV \ uv G E} and 
the closed neighborhood of v is the set iVG[w] = Ng{v) U {v}. Also for a subset X C ^(G), the open 
neighborhood of X is Ng{X) = Uv^xNg{v) and its closed neighborhood is iVG[X] = A^g(X) U X. 
The degree of a vertex w G ^ is deg{v) =\ N{v) \. The minimum and maximum degree of a graph 
G are denoted by (5 = (5(G) and A = A(G), respectively. If every vertex of G has degree fc, then G 
is said to be k-regular. We write A'„, G„ and P„, respectively, for the complete graph, cycle and 
pat/i of order n and A'„j^...^„p for the complete p-partite graph. 

Let 11 G 5 C y. A vertex w is called a private neighbor of w with respect to 5*, or simply an 
S-pn of w, if M G iVH - Ar[S' - {«}]. The set pn(?;;S') = N[v] ~ N[S - {«}] of all S'-pn's of v 
is called the private neighborhood set of v with respect to S. Also an S'-pn of v is an external 
private neighbor or external (denoted by S-epn of w) if it is a vertex of ^ — S". We also call the set 
epn{v; S) = N{v) — N[S — {v}] of all S'-epn's of v, the external private neighborhood set of v with 
respect to S. To see this definitions refer to [U |4]. Obviously if / = (Vb, Vi, V2) is a 7^-function, 
then for each t; G V2, epn{v; V2) 7^ (we notice that for each vertex w G V2, epn{v; V2) Q Vq and so 
epn{v; V2) 9^ if and only if epn{v; V2) fl Vb 7^ 0). 

Cockayne et al. in [2] have shown that for any graph G of order n and maximum degree A, 
2n/(A + 1) < 7_r(G), and for the classes of paths P„ and cycles G„, jjiiPn) = lR{Cn) = [271/3]. 
Furthermore, they have shown that for any graph G, 7(G) < jjiiG) < 27(G), where the lower 
bound is achieved only by G = Kn, the empty graph with n vertices. A graph G is called a Roman 
graph if 7/j(G) = 27(G) [2]. For example, the complete multipartite graph /^mi,...,m„ is Roman if 
and only if 2 {toi, . . . , m„}. As shown in [2, an equivalent condition for G to be a Roman graph 
is that G has a 7^-function / = (Vb, Vi, V2) with Vi = 0. 

We now introduce two new concepts. A Roman graph G with 7^-function / = (Vb, 0, V2) we call 
a special Roman graph if the induced subgraph G[V2] has no isolated vertex, and its 7jj-function 
/ = (K), 0; V2) we call a special j j^- function. 

In this paper, we first show that ^r{G) + 1 < 7^(/^(G)) < jjiiG) + 2 and characterize the graphs 
achieving equality in these bounds. Then for any positive integer m, we compute the JniUmi^)) 
of a special Roman graph G in terms on 7^(G). Finally we present several graphs to illustrate the 
discussed graphs. 

In this entire of paper we assume that the induced subgraph by Vi is an empty subgraph if 



We first present the Roman domination number of some known graphs. 

Proposition A. (Cockayne et aL [5] 2004) If mi < m2 < • • ■ < »Ti„ are positive integers and G 
is the complete n-partite graph K„i-^^ „i^, then 




mi + 1 if 1 < mi < 2, 
4 otherwise. 
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Proposition B. Let t>l and n > 3 be integers. If G is the cartesian product graph PtDKn, then 

{6 [t/4j + 2r if n = 2,, t = r {mod 4) andQ<r < 2, 

6[t/4j+2r-l i/ n = 3, i = 3 (mod4), 
2t otherwise. 

Proof. Let V^PtUK,,) {l,2,...,t} x {l,2,...,n}. We first suppose that n = 3. Let A = {{M + 
1, 1), (4£ + 3, 2) I < £ < [</4j - 1} and B {(4£ + 2, 3), (4£ + 4, 3) | < £ < [t/4j - 1}. Easily it 
can be seen that the given Roman dominating functions have minimum weight. 

Case i. t = (mod 4). 
Let /o = (Wo, WuW2), where W2 = A,Wi^ B and Wo = V - (Wi U Wa). 

Case ii. i = 1 (mod 4). 
Let /i = (Wo, Wi, W2), where W2 = A U {(i, 1)}, W[=B and Wq = ^ - (W^ U Wg). 

Case iii. t = 2 (mod 4). 

Let /2 = (Wo, Wi', W2'), where Wj' A U {(t - 1, 1), (t, 1)}, W'^ = B and W'^ - [W'^ U W2'). 
Case iv. t = 3 (mod 4). 

Let /a = (Wo", Wi", W2"), where W2" = A U {(f - 2,l),(t,2)}, W^' = B U {(f - 1,3)} and Wq" = 
(Wi" U W2"). 

Now let 71 > 4. Easily it can be seen that the wight of every RDF for Pt^K^ on the every copy 
of Kn is at least 2. Thus 7fl(PtnX„) > 2t. Now since / = (Wo,0, W2) is an RDF with weight 2<, 
when W2 = {(^, 1) I 1 < £ < i} and Wo = F - W2, then 7fl(Ptni^„) = 2t. □ 

Proposition C. Let t>\ and n > 3 be integers. If G is the cartesian product graph CtOKn, then 

{6[t/4j + 2r if n = 3, t = r {mod 4) and < r < 1, 

6[i/4j + 2r - 1 if n ^ 3, t = r {mod 4) and 2 < r < 3, 
2t otherwise. 

Proof Let \/(CtnK„) = {l,2,...,t} x {1, 2, n}. We first suppose that 71 = 3. Let A = {(4^ + 
1, 1), (4£ + 3, 2) I < ^ < [i/4j - 1} and B = {{41 + 2, 3), (4^ + 4, 3) | < ^ < [t/4\ - 1}. Easily it 
can be seen that the given Roman dominating functions have minimum weight. 

Case i. t = (mod 4). 
Let fa = (Wo, Wi, W2), where W2 = A, Wi ^ B and Wq^V -{WiU W2). 

Case ii. t = 1 (mod 4). 
Let /i = (Wq, Wi, W2), where W2 = A U {{t, 1)}, W[ ^ B and = V - {W[ U W2). 

Case iii. t = 2 (mod 4). 

Let /2 = (Wo', W;, W;), where W^ = A U {(t - 1, 3)}, W^' = (B - {{t - 2, 3)}) U {{t - 2, 1), (t, 2)} 
and Wo = F - (Wi' U W2'). 
Case iv. t = 3 (mod 4). 

Let /g = (Wo", Wi", W2"), where W2" = AU{{t-2, 1), (t, 2)}, W^' = B U {{t - 1, 3)} and Wq" = 
(Wi" U W2"). 

Similar to the proof of Proposition iBl we can proof that j ji{GtOKn) = 2t, when n> A. □ 

Similarly, the following two propositions can be proved and easily can be verified that the given 
graphs in them are special Roman graphs. 

Proposition D. If t > 2 and 4 < rii < 77,2 < ... < rip are integers, then jfj{PtOKni,...,np) ~ 4t. 
Proposition E. If t > 1 and n>2 are integers, then '~fj^{PtOKi^n) = 2t. 

2. Main Results 

First we state our main theorem. 
Theorem 1. For each graph G, -/r{G) + 1 < 7_r(a*(G)) < 7^(0) + 2. 

Proof Let V{G) = V°, and V{fi{G)) = V°UV^U {u}. Let / ^ (Wo, Wi, W2) be a 7fl-function of 
G. Since 5 = (Wo U V^,Wi, W2 U {u]) is an RDF of pl{G), "/RiMG)) < 1r{G) + 2. We now show 
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that jji{fJ,{G)) > jjiiG) + 1. Let g — {Wo,Wi,W2) be an 7^-function of fJ.{G). Wc continue our 
discussion in the foUowing two cases. 
Case 1. ueWiU W^- Let 

W!, = (W^2-({M}U(W^2nT/i)))U{z;0 |wj eW^2}, 
W[ = W^i - {v] I v] G W^2}, 

= F(m(G))- Wuw^^). 

Then, the function g' = (W,^, W'^) is an RDF for G, and hence 

7i?(G) < g\V{G)) = 2|W^^| + IW^^I < 2\W-2\ + |W^i| - 1 < ln{AG)) - 1, 

and so jj^{fi{G)) > jji{G) + 1, as desired. 
Case 2. u e Wq. 

Then W2nV^ ^ 0. If WiCiV^ ^ 0, then the inequahty is easily seen to be true. So let Wi CV". 
Consider A = {v^\v] &W2}. If (M^2 U W^i) n A 7^ 0, then similar to Case 1, we can find an RDF g' 
for G such that 7fl(G) < g'{V{G)) < 7_r(/^(G)) - 1, and hence 7fl,(/i(G)) > 7^(G) + 1. Therefore, 
we assume that {W2 U Wi) n A = and W2 = {v^.\l < i < t} U {vj^\l < £ < m} such that 
(W^i U{w° |1 < i < t}) n{t;° |1 < ^ < 77i} = 0. 

Assume that epn{v^-^; W2) H = 0, for some 1 < k < m. Then, k is unique and epn{vj^; W2) = 
{u}. Let 

= {w° |1 <i<t}U{vl\l<i< m, and i ^ k}, 
W{ = Wi, 

= V{G) -{WiUW^). 

Then the function g' = {Wi,Wi,W^) is an RDF for G such that 7^(G) < 7_R,(/i(G)) - 2, which 
implies that 7fl,(M(G)) > 7fl(G) + 1, as desired. Hence we may assume that for each 1 < £ < m, 
epn{v]^;W2)^V^ 

Let G epn{v]^\W2) n 1/°, for every 1 < £ < m. Clearly {a^Jl < ^ < m} n (W^o U W^i) = 0. 
Therefore {a]Jl < ^ < m} C M72- Further m > 2, and {a]Jl < ^ < m} = {wjjl < £ < to}. 
Also for any 1 < ^ < m, I epn{v] \ W2) H 1/° 1= 1. Let = w]^ . We now add v^, and v} 
to W2 and Wi, respectively, and delete uj^ and uj^ of W2. If necessary, we also add u to Wi. 
Then wc obtain g' = {W;^,W[, W'2) as a new RDF for ^(G). If to > 3, then g'{u) = 0, and hence 
g'iy{[i(G)) < g{V{^{G))) — 1 = jji{fi{G)) — 1, a contradiction. Finally let to = 2 and choose 
W^' = W'2, W{' = Wi - {u, ujj, and W^' = V{G) ~ {W{' U W^'). The function g" = {W^', Wi' , W'^) 
is an RDF for G with weight -fnifiiG)) - 2. Therefore, 7^(G) < g"{ViG)) < 7_R(Ai(G)) - 2, as 
desired. □ 

Our next aim is to characterize for which graphs G the Roman domination number of /i(G) is 
7^(G) + lor 7i?(G)+2. 

Theorem 2. For any special Roman graph G, JuipiG)) ~ 7i^(G) + 1. 

Proof. By Theorem [H 7ij(At(G)) > jji{G) + 1. Let / = (Vb, 0,1^2) be a special 7^-function for G. 
By choosing W2 = V2, Wi = {u}, and Wq = VqUV^, we see that the function g = (Wq, W^i, W^2) is 
an RDF for fi{G) with weight 7^(G) + 1, which implies that 7j^(/^(G)) = 7_r(G) + 1. □ 

In the next theorem we show that the converse of Theorem [2] is also true. 
Theorem 3. If G is not a Roman graph, then 7fl(/i(G)) = 7i?(G) + 2. 

Proof. In the contrary, let g = (VKq, M^i, ^^2) be a 7fl-function for ^(G) with weight 7fl(G) + 1, by 
Theorem 1. We assume that if | Wi \> 1, then the induced subgraph //(G)[VFi] is isomorphic to the 
empty graph Kb, where b =| Wi \. In the next three cases, we show that u ^ Wq U Wi U W2 which 
completes our proof. 
Case 1. u eW2. 



Then WiCV^. Let 

V2 = (W2-M)U{wO|vjG W2}, 
Vi = Wi~{v'l\v] eW2), 

Then the funetion / — (Vb, Vi, V2) is an RDF for G with at most weight JniG) — 1, a contradietion. 
Case 2. u e M^i. 

Then W2 C V^°. Since the induced subgraph /x(G)[Wi] is an empty graph, we have Wi — {u} C V°. 
Since v° G Wi imphes G W^i, thus W^i = {u}. Let 1^2 = W^2, Vi = 0, and = - V2. Then the 
function / ~ [Vq, 0, V2) is a 7^-function for G and hence G is a Roman graph that is a contradiction. 
Case 3. u gWq. 

Then \W2 r\V^\ > 1. Let vl G W2 H V^. Then we may assume that G WqUWi. Because if 
Vl G W2, then with considering 

V2 = iW2nv°)u{v°\v] €W2}, 
Vl = {Wi n - {v°\v] G VF2}, 

Vo = V"~{ViUV2), 

the function / ^ {Vq, Vi, V2) is an RDF for G with at most weight ■jj^{iJ.{G)) — 2 ~ 7fl(G) — 1 that 
is a contradiction. We now continue our discussion on the foUowing two subcases. 
Subcase 3.i. eWi. 

Let A = {v}\vj G Wi}. Since {i\vf G Wi and G Wo} = 0, and 5 is a 7^ -function for fi{G), 
thus |A n W2I < 1. Since vl £ W2 Ci A, then |A n W2I = 1. Easily we see that if vj G Wi, then 
w° G Wi U W^2 . Let t be the number of i s which w° , G Wi and let ^ be the number of i s which 
Vi G W2 and u,^ G Wi. If > 1, then we can get an RDF with weight 7fl(G) - 1 for G. Therefore, 
let ^ = t = 0. Thus Wi = {v^} and epn{vl; W2) = {u}. Then with considering 

V2 = (W2n\/0)U{wO|w] G W2}-{w?}, 

Vo = l^0-(FiUF2) 

the function / = (Vb, Fi, F2) is an RDF for G such that f{V{G)) < 7i^(M(G)) - 2 = 7j^(G) - 1, that 
is a contradiction. 

Subcase 3.ii. u° G VFo- 

We recaU vl G W2 and u G Wq. By Subcase 3.i and above discussion we may assume that if vj G W2, 
then v^ G Wo ■ We also know that if v^ G W2 , then ^ W2 ■ The assumption -yj G Wq concludes 
that Vl is defended by a vertex a of W2. Suppose a G and let a = V2- If epn{vl; W2) fl = 0, 
then, with deleting at least vl from VF2, we can define a function / = (Vb, 1^, V2) with weight at most 
7fl(/i(G))-2 = 7^(G)-1 such that V1UF2 defends all vertices of G. Thus let epn{vl-W2)r\V° ^ 0, 
and for some t > 3 let epn{vl] W2) n F° = {u°|3 < i < t}- Then {v}\i < i < t] Wi\JW2. If 
5(U*=3i'j'^) > 2, then improving g makes a function (7' for /Lt(G) with weight at most 7ij(/i(G)) — 1. 
Then epn{vl;W2) DV'^ — {v^}. In this case, we may find an RDF g' for fi{G) such that either 
g'{V{n{G))) < -fjf {fi{G)) - 1, which is a contradiction, or g'{V{ii{G))) = 7j^(^(G)) and = 1, 

that is impossible by Case 2. Finally we assume that W2 H V'^ does not defend Uj* and let a ~ v\. 
Then epn(wi; W2) nV^ Also we have epn{vl; W2) r\V^ If epn(z;i; W2) n = {u?}, then 
with choosing 

= (W2 n u G W2} - {^^1^}, 

Vl = {Wi n 1/0) - G Wi I G W2}, 

Vo=v{G)~{v[yjv:,), 

the function 5' = (V^J, T^i , V2') is an RDF for G such that g{V{G)) < g{V{G))-2 = 7^(G)-1, that is 
a contradiction. Thus let | epn{vl; W2)r\V" |> 2. Then vj G Wi U W2, when u° G epn{vl; W2)r\V°. 
Then with choosing 

W2 = (W2-K,z;i})uK,i;0}, 
Wl=Wi~ {v] I v° G epn(wi; W2)}, 
Wo = V{ti{G)) - {Wl U W2), 
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the function g ~ (VFq, W^^, RDF for /x(G') such that 

9{V{fi{G))) ^2\W^\ + \W[\<2\W2\ + \W,\-1^ g{V{KG))) - 1 = 1r{KG)) - 1, 
that is a contradiction. □ 
The proof of the next theorem is similar to Theorem [3] and hence is removed for brevity. 

Theorem 4. For any j jf^-function f — (Vq, Vi, V2) of a graph G, if the induced subgraph G[V2] has 
an isolated vertex, then ^ji{fi{G)) = 7_r(G) + 2. 

The next two theorems arc immediate resuhs of Theorems [2] and |4l 

Theorem 5. Let G be any graph. Then Jf;{tJ-{G)) ~ 1r{G) + 1 if and only if G is a special Roman 
graph. 

Theorem 6. Let G be any graph. Then 7ij(A*(G)) = 7^(0) + 2 if and only if G is not a special 
Roman graph. 

For any integer m > 2, we now compute the Roman domination number of the m-Mycieleskian 
fj,j^{G) of a special Roman graph G. 

Theorem 7. Let m be a positive integer. If G is a special Roman graph, then 

2[to/4]7j^(G) + 2 ifm = 0{mod4), 

) (2[to/41 - 1)7j^(G) + 1 ifm = l{modA), 

2[to/4]7^(G) ifm = 2 {mod 4), 

2[to/4]7^(G) + 1 i/m = 3(mod4). 



Proof. Let / = (Vb,0, V2) be a special 7^-function for G. Then ^r{G) > 4, and for each v G V2, 
I epn{v] V2) \> 2, and hence | V{G) |> 3 | ^2 |= 37fl(G)/2. We will make an RDF g = (Wq, Wi, W2) 
for /^,„(G) with minimum weight. 

Let g = (Wo,Wi,W^2) be an RDF for ijl^{G) with minimum weight. First we show that the 
number of vertices of Wi U W2 that dominate all vertices of four consecutive rows among the rows 
V^, ... , F'" is 7j^(G). Let 2 < i < m - 2, and let 5 be a subset of Wi U W2 that dominates ah 
vertices of V^~^. Then 5* C T/'"^ u V^. Without loss of generality, let S C V^. Since the projection 
of S on dominates all vertices of F° and G is Roman, thus | 5* |> 7^(G)/2. We notice that V2 
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with cardinal 7jj.(G)/2 dominates all vertices oi , where V2 = {w* | v S V2}. Thus S can be 
Vi. But S dominates no vertices of V' - S. Let t =\ V - S \. Hence t > 2 \ S \= 7^(G). Because 
I V{G) 1 = 1 V \> (3/2)7^(G) and | S |= 1r{G)/2. Now for dominating V - S, we choose a subset 
S' of such that it dominates V"^ (and hence — S) and Similar to above discussions, 

we have | S' |> 7j^(G)/2, and we may assume that | S' \= jfj{G)/2. Thus 5' U S" is a dominating 
set of the vertices of V^~^ UV^ U U Now we discuss on r, where m = r (mod 4). 

Let [m/4j — k. We recall that / = (Vb, 0, V2) is a special 7^-function for G and V2 denotes the 
set {v' G I w G V2}. 

For m = ( mod 4), let 

W2 = ufz-oi(Ff+^UF2^*+')U{w}, where fc>l, 

Wi = 0, 

Wo = V{fi,JG))-{WiUW2). 
For m = 1 ( mod 4), let 

W2 = ^1=0(^2*'^^ U ^2**^^) U V7", where fc > 0, 

W^o = F(/.„(G))-(t^iUW^2). 



For m = 2 ( mod 4), let 



W2 = UJ^^o(F2^*+i U ^2^^*+^), where fc > 0, 
Wi = 0, 

Wo = F(Ai,„(G))-(W^iUM^2). 

6 



For m = 3 ( mod 4), let 



W2 = Utlo(^2**'^^ U V^'+'^), where fc > 0, 

Wo = l/(Ai„(G))-(M^iUW'2). 
Then the function g = (Wo, VFi, W2) is an RDF with minimum weight for /i„(G) such that 

2[to/4]7j^(G) +2 if rn = ( mod 4), 

(2[to/4] - 1)1r{G) + 1 if rn = 1 ( mod 4), 

2[to/4]7j^(G) ifm = 2(mod4), 

2[to/417^(G) + 1 if m = 3 (mod 4), 

as desired. □ 



5((Ai™(G))) = 



One can verify that the given graphs in the next three propositions are special Roman graphs, 
and by Theorem [7] and Propositions El [Bl [Cl ID] and [El they are proved. In the next propositions, 
it is assumed that m > 2. 

Proposition 8. Let 3 < mi < m2 < ■ • ■ < 7ti„ he integers. If G = Kmi,...,mn, then 

{2m + 2 z/m = {mod 4), 
2m + 3 z/m = 2(mod4), 
2m + 4 otherwise. 

Proposition 9. If G € {PtOKnlt > 2, n > 4} U {GtnA'„|t > 3, n > 4} U {PtOi^Lnli > 2, n > 2}, 
then 

{nit + 2 if m = {) {mod 4), 

{m + 2)t if m = 2 {mod A), 

(m + l)t + 1 otherwise. 

Proposition 10. Let t>2 and 4 < rii < ... < rip he integers. If G = PtDKni,...,np, then 

{2mt + 2 i/m = (mod 4), 

2(m + 2)f if m = 2 {mod 4), 
2(m + l)t + 1 otherwise. 

There are some graphs that are not special Roman graph. The complete graphs K„, paths 
Pn, stars Ki^n, all for n > I, cycles G„ for n > 3, and complete multipartite graphs i^2.m2,...,in„ 
for 2 < m2 < • • • < m„ are not special Roman graphs and their Roman domination number are 
respectively 2, [2n/3], 2, [2n/3], and 3. The next proposition gives another non special Roman 
graph. 

Proposition 11. The Petersen graph G(5) is not a special Roman graph, and 7^(G(5)) = 6. 

Proof Let V{G{5)) ^ {i\l < i < 10} and 

E{G{5)) - {{i, z + 1)|1 < * < 9} U {(6, 10), (1, 5), (1, 9), (2, 7), (3, 10), (4, 8)}. 

Since G(5) is 3-regular and G(5) has 10 vertices, then Jr{G{5)) > 6. Let V2 = {1,8, 10}, Vi = 0, 
and Vo = V ~ V2. Since the function / = (Vb, 0, V2) is an RDF with weight 6, then 7^(G(5)) = 6. 

Finally we prove G(5) is not a special Roman graph. By the given RDF in the previous paragraph, 
G(5) is a Roman graph. Now let / = (Vb, 0, V2) be an arbitrary 7^-function for G(5). We know G(5) 
is a non-complete 3-partite graph with three parts X = {1, 4, 7, 10}, Y = {3, 6, 8}, and Z = {2, 5, 9}. 
Assume that a and h are two adjacent vertices of V2. Since a and h defend together six vertices, 
and there is no other vertex c that dominates all of the four remained vertices, then fQ/) > 7, a 
contradiction. Hence G(5) is not a special Roman graph. □ 

Corollary 12. Let G he A'„, Pn, A'i.„ for n > 1, G„ for n > 3, K2.m2....,m„ for 2 < TO2 < < 
••• < m„ or G(5). Then -fJ^{^l{G)) ^ jj^{G) + 2. 
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